The heat equation

The heat equation with zero ends boundary conditions models the tem-
perature of an (insulated) wire of length L:

ox? ot

kazu(w,t) _ Ou(zst)
{ u(0,t) = u(L,t) = 0.

Here u(z,t) denotes the temperature at a point = on the wire at time ¢. The
initial temperature f(z) is specified by the equation

u(z,0) = f(x).
Method:

e Find the sine series of f(z):

F(@) ~ 3 balf) sin(),
e The solution is
ule,t) = Y balf) sin(~-)) exp(—k(—)%%).

Example: Let
1, 0<¢t<7/2,
)= /

2, w/2<t<m.
Then L =7 and

2 cos(nm) — 3 cos(1/2nm) +1
- :

ba(f) = %/0 F(z) sin(nz)dz = —2
Thus

f(x) ~ by (f)sin(z)+bo(f) sin(2z)+... = %sin(x)—g sin(2x)+3% sin(3z)+....

The function f(x), and some of the partial sums of its sine series, looks like
Figure 1.
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Figure 1: f(x) and two sine series approximations.
As you can see, taking more and more terms gives functions which better

and better approximate f(z).
The solution to the heat equation, therefore, is

ule,t) = Y (5a(f) sin(—7=)) exp(—k()*).

Taking the first 60 terms of this series, the graph of the solution at ¢ = 0,
t =0.5,t =1, looks approximately like Figure 2.

The heat equation with insulated ends boundary conditions models the
temperature of an (insulated) wire of length L:

kazu(w,t) — Ou(z,t)
{ U (

ox? ot
0,4) = uy(L, 1) = 0.
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Figure 2: f(x), u(z,0), u(z,0.5), u(z, 1.0) using 60 terms of the sine series.

Here u,(x,t) denotes the partial derivative of the temperature at a point z on
the wire at time ¢. The initial temperature f(x) is specified by the equation
u(z,0) = f(z).

Method:

e Find the cosine series of f(z):

f@) ~ 5+ 3 an(f) cos(70),
n=1
e The solution is
u(e,t) = T+ Y an(f) cos(—1)) exp(—k(—)*).
n=1



Example: Let
—1, 0<t<m/2
o ={ /

2, m/2<t<m.
Then L =7 and

an(f) = %/OW f(z) cos(nz)dx = _6M’

™n

for n > 0 and ag = 1. Thus

f(z) ~ % + a1(f) cos(z) + as(f) cos(2z) + ...

The function f(z), and some of the partial sums of its cosine series, looks
like Figure 3.
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Figure 3: f(x) and two cosine series approximations.



As you can see, taking more and more terms gives functions which better
and better approximate f(z).
The solution to the heat equation, therefore, is

nm

ulw,t) = + D (an(f) cos(“10) exp(—k(F)).

Taking only the first 30 terms of this series, the graph of the solution at
t=0,t=0.5,t =1, looks approximately like:
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Figure 4: f(x), u(z,0), u(z,0.5), u(z, 1.0) using 60 terms of the cosine series.



